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ABSTRACT

This paper considers different aspects of conversion from conventional life insurance policies into
universal life policies.

Finding formulas for conventional policies on an annual basis is typically quite straightforward, but
this paper analyses and discusses also monthly mortalities.

This paper introduces concepts "discount factor preserving method" and "risk premium preserving
method" which ensure the compatibility of old and new formulas.

The main focus of this paper is conversion. The results, especially when viewed from or analyzed on a
monthly basis, are different than those referred to in actuarial literature.
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1 INTRODUCTION

1.1 Purpose of this document

This paper describes conventional model conversion into universal life models.

I have chosen to use the terms

- conventional model for the prospective model where the liability is the present value of the
future net outgoing cash flows

- universal life model for the retrospective model where the liability is calculated as the
accumulation of account entries over the years up to the balance sheet date

The universal life model can sometimes also been called the "recursive method" (see e.g. Gerber
[3], p. 68). However, recursive methods are used also in other contexts. Using the name
"recursive method" is justified especially when the conventional formulas are expressed in
universal life formulas.

This paper concentrates on modeling the reserve calculation using universal life models.

By "reserve" in this document I mean the policy savings and not "liabilities" as typically used in
general actuarial literature.

This paper is based on my previous study "Conversion from conventional life insurance policies into
universal life policies" (see Niittuinperd [9]). The previous study covers more comprehensively the
conversion, including also some proofs that I have not shown in this paper.

1.2 Used notation
The notations used in this document are mainly based on the International Actuarial Notation,

published in the Encyclopedia of Actuarial Science (see Wolthuis [12]).

However, in this document I do not always differentiate between discrete and continuous models
because sometimes the same formulas may be used for both models. The difference is only
specifically cited in situations where there is some relevant difference between the models.

About detailed notations see chapter 4.

The terminology and notations used may differ from one reference to another, but when cited in this
document, uniform terminology and symbols are used.



2 MOTIVATION FOR THE PAPER

2.1 Understanding old products

Using universal life models may help in the process of fulfilling IFRS and solvency II requirements.
Also in Principles for the Conduct of Insurance Business IAIS has stated about the disclosure
principles that the insurance undertaking shall have to inform the policyholder of costs and associated
charges.

As a result of these requirements insurance undertakings should have more detailed information about
their portfolios. This paper does not discuss the simulation of future cash flows but concentrates on
modeling the reserve calculation using universal life models.

New requirements laid down for the insurance undertakings do not require universal life models. Some
approximation methods can also be used, but they should be based on analysis of cash flows.

2.2 Efficiency of the insurance undertaking processes

It is well documented that old insurance undertakings have applied many techniques during their
product generations and life cycles. It is also well known that the new ones are universal life -type
policies. This means that the products in conventional techniques are often run-off portfolios that will
still be in force for many years to come.

It is inevitable that sooner or later, the leadership of insurance undertakings will have to ask
themselves whether it is commercially viable or indeed is it even wise to maintain these old techniques
because of the financial implications involved of running separate computer systems, improving and
increasing their efficiency and then needing and also requiring and employing several interfaces to
consolidate the data.

The costs are not exclusively software or exclusively personnel costs but rather a mixture of them.
Solving the problems of old portfolios requires often significant management involvement, even
though the revenue is relatively small compared to other products.

One option is to convert the policies with conventional techniques to policies with universal life
techniques. Then, if the software is parameter driven, sometimes the undertaking may be able to
manage several products with the same software.



3 PROCESS

3.1 Goal of the process

The goal in itself is very simple. We have two models:

In conventional model prospective calculation is used:

Vv

X+t

= Ax-H:w (*)- Sx+t - Bx+r:k—t] ' dx+t:k—t]

In universal life model retrospective calculation is used:

Ve = Z{(l_ﬁ) "B, +1+' (Vx+k—1 + B)H'k)_li];ﬂ. [(1 -7 Sx+t _(Vx+k—1 + Bx+k)]}

k=0 X+t X+t

The goal is to find a one-to-one relationship between the models.

In practical solutions recursive formulas can always be found. (see Koller [6], pp. 49 — 51). As a
complex example, I have derived formulas for some Finnish sickness insurance policies where the risk
functions are continuous and force of mortality is defined by Makeham model. When solving the fifth
degree function Trapezoidal rule was used. The three-pages-long derivation of the formula may be
found from my previous study (see Niittuinperi [9], pp. 32 — 35).

Typically the formulas are written for a sum insured equal to 1, which entails that the reserve has to be
multiplied by the sum insured. However, in practice the formulas are calculated based on the actual
sum insured, and this convention is therefore used in this paper.

3.2 Deriving formulas

I have used the following step by step approach to the conversion rules:

1) Defining a general annual model without any loadings. In this context annual model means that the
calculations are performed annually only at the end of an insurance year.

2) Defining a general annual expense-loaded model.

3) Defining a general monthly model. In this model the calculations are performed monthly at the end
of an insurance month.

4) Defining a monthly expense-loaded model.

In this paper, by "insurance year" I mean the one-year-long time period starting the same month
and day as the policy becomes effective. By "insurance month" I mean any one-month-long time
period starting the same day as the policy becomes effective. If the month does not have that
day, the last day of the month is chosen.

In this paper I have not covered expense models, but concentrated on mortality. About the expense
models I refer to my study (see Niittuinperd [9], chapters 7, 9.1, 9.2 and 13.5).



If we know the value either at the end of the month, the other one can also be calculated. The formulas
are not as simple as at the end of the month. You may find some examples from my previous study
(see Niittuinperd [9], pp. 32 — 35).

3.3 Testing

Testing is closely related to deriving the formulas.

The formulas in this paper have been tested in practice by calculating the same numerical input data
using both the conventional model and the universal life model.



4 CONVENTIONAL FORMULAS

4.1 General

In this paper I do not derive the conventional formulas because the derivations are readily available
from the literature (see e.g. Gerber [3] pp. 119 — 123, Neill [8] pp. 38 — 71 and Schmidt [11] pp. 123 —
129).

4.2 Age notifications

Unless otherwise mentioned, for ages I have used the following notifications:

- X the age at the beginning of the insurance year

- X+t the age t whole years after x

- X+t+m/12  the age m whole months (0 < m < 12) from x+t (before x+t+1)
- X+t+u the age time u (0 < u < 1) from x+t

4.3 Discrete model

In a discrete model mortalities are calculated separately for each age. For each age x a number [ is

estimated. This number represents people alive at age x (it can be assumed e.g. that [, = 10%).

Let us define

dx = lx - lx+l
g, = ﬂ — 1_l)f_+1

I, I,

1
y=—

1+

where
X is age
d, is number of death (at age x)
q is mortality (at age x)
1 is technical interest rate
A\ is discount coefficient

The commutation numbers are as follows:
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N, = Z D;
i=x
9x

Cr=dy v =y = L) ™ =g, v Dy =D,
+1

M,=C,+..+C,
I, may be calculated from ¢, -numbers as follows: [, =(1-¢q,)-[,.

The annuity will be

o Nx — Nx+n
g =——""
x.n] Dx
where
n is duration of annuity and
w' is last age of tables

Define also monthly N, -numbers as follows:

| w

12 12

N( )_1 . E Di( )
i=x

where Dl.(m is monthly D, -number

4.4 Continuous model

In a continuous model [ is defined using continuous force of mortality:

X
—J.ﬂsds
l,=1ly-e0

From this we may calculate the g, -numbers as in discrete case.

il x+1 X x+1
] ] .e_ g)luSdS - J. ﬂsds+J.ﬂsds - jﬂsds
g, =1- )l‘“ =1--9 ——=l-¢ 0 0 =]-¢ X
! —J.ﬂsds
ly-e 0

Several mortality models can be used (see e.g. Gerber [3], p. 17 — 18 and Bowers et al. [1] pp. 77 —
79). Later on I will assume that the functions have the required derivatives and integrals.

By using the continuous model it is possible to calculate a risk for any period. We consider first the
annual case, but later also the monthly case is discussed.



By using an Euler summation we get annual representations between the continuous model and
discrete model:

- 11 .
Nx=N,-D, -[E+E-(ln(l+z)+,ux)}
My=D,—In(l+i)-Ny

where D, and N, are calculated as in the discrete case (see Neill (3.2.1, 3.2.8, 3.3.3) p. 78, 81, 102).

Neill writes that it is typical to use a shorter approximation:
— 1
Nu=Ny =D,

The continuous examples that I will give later are based on the first formulas.

I concentrate on the discrete model and describe separately the behavior of the continuous model. Note
that a bar above the basic symbol denotes continuous actuarial functions.

4.5 Accumulation and discount factors

In this paper I use terms "accumulation factor" and "discount factor" also for cases where not
only the interest but also mortality is taken into account.

The accumulation factor including effect of interest and mortality can be written as follows:

Dx+t _ 1+i =1+ J 4 x+t

Dy 1-qyp =gy 1-qyiy

The results are found as follows:

D _ L,v™ _1+i _ 1+i =1+( 1+i _lj:1+i+qx+,:1+ i
D 1_qx+t l_qx+t l_qx-H 1_qx+t

x+1+1 -
lx+t+1 ’ lx+f+1 1- q it

lx+1‘

Sometimes also the respective discount factor is needed. It is equal to

x+t+1

Dy _ 1 =Gy —1- i Gyt
D, 1+i I+i 1+

In the continuous case the discount factor may also be expressed as follows:
X

_ ds x+1
—x Iﬂs V - Iﬂsds
D, _ lp-(+)"-e 0 L,
D, x+l 1+i
- J.ﬂsds

Iy .(I_H')—()H'l) e 0



5 GENERAL CONVENTIONAL MODEL

5.1 Premium and reserve

Let us consider the following general premium model:

A )
Ban=—7
where
Ay () = net single premium coefficient depending on the product (*) in question
S, = sum insured at time x for a period of n years
a = 1, for single premium

d . for annual premiums for a period of k years

Reserve for sum insured S ,, at time x+t in this case would be:

t

Vit = Axrrow ) S vir = Bryrk—] 'dx”:k_,] .

5.2 Universal life representation for discrete model

It is quite easy to proof that the reserve may be calculated by the following formula:

Virrs1 = Vawr
i q
+ Bx+t:k—t] Byt (Vx+t + Bx+t:k—t] —Eyy )— A, (Sx+t - (Vx+t + Bx+t:k—t] —Ey )
1-qy iy 1=q,y

The last term can be positive or negative depending on whether the risk sum is positive or negative.

The different components are as follows:

- annual premium Byt rik—1]
- annual annuity E. ..
. i
- Interest “(Vawr ¥ Brrrk—t) = Exsr)
=gy
- mortalit _ e o 4B B
mortality xtt = Visr ¥ Baipp—r] = Exie)
=gy
- compensation A [S wtt = Vs ¥ By = E i )]_
=gy

The whole proof for the formulas can be found from my previous study (See Niittuinperd, pp. 12 —
16). The general result without division to the components and slightly differently expressed has been
proofed also in the literature. The proofs do not directly show the relationship with the commutation



numbers (see e.g. Neill [8] (4.4.1), p. 124 and Bowers et al. [1] (8.3.10) p. 235, Schmidt [11] (5.5.9) p.
124 and Gerber (6.3.4) [3] p. 61).

As an example, pure endowment single premium can be derived using commutation numbers as
follows:

Assume that the reserve for sum insured S ,, at moment x-+t is equal to (see e.g. Schmidt [11],
example 5.4.5 (5), p. 126):
_Dw

D—'5x+t-
X+t

Vx+t

After one year the reserve is equal to

V _ Dw S _Dx+t DWS _Dx+r V
x+t+l T D x+t D D x+t D X+t
x+t+1 x+t+1 X+t x+t+1
i+q.., i 9 it
= Vx+t + 1—x ’ Vx+t = Vx+r + 1— ’ Vx+r + 1x— ’ Vx+r
“ Gt Gt ~ Gt

The result is natural because it shows that the reserve is the previous reserve corrected by interest
increase and mortality compensation.

Assuming first that mortality ¢ ,, = 0 and then that guaranteed interest i = 0, we obtain the following
results:
1) ;'Vx +; 1s the effect of guaranteed interest increase

TG+t

2) qx+t

" -V, 1s the compensation due to mortality
T+t

5.3 Universal life representation for continuous models

If the continuous model does not have continuity correction as defined in chapter 4.4., then the
formulas defined in the discrete model apply.

In the continuous model it is possible to use continuity corrections for the discrete values. They act
like loadings. For example payment corrections are taken into account only when payments are paid.

The reserve may be calculated by

Vx+t+l = Vx+t
i
+ Bx+t:k—t] - Ex+r + 1— q ’ (szit + Bx+r:k—r] - Ex+t )
X+t
q.
- 1— qH ’ (Sx+t - (szit + Bx+r:k—t] - Ex+r )) + Bxc+r + Exc+t + Qxc+r
X+t



where

BS, is the correction related to payments
1 i+q 1 1 .
—q—- - +— —+—-(In(1+i)+ B
{12 (/ux+t Il'lx+t+1 ) 1 + i |:2 12 ( ( ) /ux+t+1 )j|} X+t
ES, is the correction related to annuities
1 i+q, 1 1 .
{E ) (lux+t - lux+t+1) + TZH ’ |:§ + E ’ (1[1(1 +i)+ Hovin ):|} E..,
05, is the correction related to mortality charges
i . 1 i+q 11 .
———+In(+i)-{1——- - - AL =4+ —-(In(1+0) + - S
( 1+ l n( l) { 12 (ﬂx+t lux+t+1) l + l l:z 12 ( n( l) ﬂx+t+1 ):|}j x+t

The proofs may be found from my previous study (see Niittuinperi [9], chapter 6.4, pp. 17 — 20).

The correction related to annuities and payments for interest rate 3,5 % is shown in picture 5.1. The
correction is almost constant until age 40 and then rises to 13,8 % until age 90.

20

@ Continuity correction of payments and annuities
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Picture 5.1 Continuity correction effect of payments and annuities (%) for interest rate 3,5 % at the end of the
year

Mortality charges are charged each year. The continuity correction of the mortality can be added to the
value of the discrete model because it has originally defined to be a component of the mortality. The
correction does not vary great deal, especially if charged at the end of the year as shown in picture 5.2.
During the same period as above the correction ranges from 1,71 % to 1,80 % with lowest value at age
56.

10



@ Continuity2orrection of mortality
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Picture 5.2 Continuity correction effect of mortality (%) for interest rate 3,5 % if charged at the end of the year

If the charges were charged in the beginning of the year, then the discount factor should have been
taken into account. The factor decreases the value the more the older a person is.

11



6 CALCULATION AT THE END OF AN INSURANCE
MONTH

6.1 General

The methods defined above give exact values for the end of an insurance year.

It is common that the insurance undertaking has defined the reserve formulas of the conventional
products at least for each insurance anniversary. It is almost as common that some approximation
formula is used between the insurance anniversaries.

In this chapter 6 I shall concentrate on defining the exact values of the reserves. Mortality will be
adjusted so that the reserve of the pure endowment will be preserved. With this mortality assumption
and common mortality charges, the reserve is no longer preserved. Therefore I shall define different
mortality functions for such cases.

6.2 Mortality assumption at non-integer ages

6.2.1 General

It is common that the mortality tables are defined for integer ages. In continuous models the
mortalities for non-integer ages can be easily calculated.

The term "non-integer ages" has been used e.g. by Forfar (see Forfar [2], p. 1007). Sometimes
this is also called "fractional ages" (see e.g. Bowers et al. [1] p. 74 and Jones et al. [5] and [6]).

The mortality in non-integer ages has been defined in literature in different ways. The most common
models are the following:

- uniform distribution of deaths (called also UDD or linearity of mortality)

- constant force of mortality

- Balducci model (called also hyperbolic model)
(See Jones et al. [5], p. 261 — 276, Jones et al. [4], p. 363 — 370, where the authors unify and extend the
mentioned models and see Bowers et al. [1] pp. 74 — 76, Gerber [3] p. 21 — 22 and Forfar [2] p. 1007.)

I shall refer the above-mentioned models, but I also propose some modifications to them.

Jones and Mereu have criticized the above models: "While this has the advantage of simplicity, all
three assumptions result in force of mortality and probability density functions with implausible
discontinuities at integer ages." (See Jones et al. [4], p. 363.)

My point of view is the conversion and applied models. In conversion the insurance undertaking is
bound to the promises it has given. I am not concerned about eventual discontinuities. I introduce here
a new concept called "discount factor preserving method" and derive some mortality functions based
on that concept. The proposed modifications that I mentioned above are based on this method.

12



6.2.2 Discount factor preserving method

One possible goal for the universal life model is that each year the reserve is exactly the same as if it
were calculated by the conventional formulas. This means that accumulation and discount factors
should be the same on an annual basis:

Dx — H Dx+m/12 — I+i
Dyyy m=0 Dy 1-4x

I shall later call this as "discount factor preserving method".

If we assume that the interest rate is constant, then in accordance with the annual accumulation factor,
the monthly accumulation factor is as follows:

12/ .
Dy ymin2 _ 1+1i

Dx+(m+1)/12 1- 9 xtmin2

So, the monthly interest rate is equal to 'J/1+i —1.

In principle it is possible to find a discount factor preserving method by adjusting the mortality, the
interest rate or both. In practice I propose to adjust mortality because the interest rate has normally
been fixed.

e . 1Y .
Note that if interest is constant, then, because D, =1, (1—] , discount factor preserving method
+i

preserves also [/, -numbers at the end of the year.

Jones and Mereu write about the model that I have called linear D,-model: "Strictly speaking,
this is not an FAA... (fractional age assumption) ... because different age at death distributions
arise for differenct choices of the interest rate." (See Jones et al. [5], p. 262.) In discount factor
preserving method the mortality may depend on the chosen interest rate, but normally not vice
versa. There are some arguments against linear D,-model that I shall consider in summary
section.

6.2.3 Constant force of mortality

Let us denote constant force of mortality by #¢ and the respective mortality by ¢, ,,/12 -

In this case [, is equal to
Lyt =1y e Hx

and

Hy = _ln(lx_ﬂj
Ly

Accordingly 1, ,,/1» is equal to

C
_ —u- /12
Lesmanyi2 =leyminn-e

13



and

12 B
11 p 1 . U2
I x+m/12 I e /12 = m=0 =M =¢ .
m=0 Dyi(m+1/12 m=0 Dy

Hence, the mortality is
c

-1 /12
Qremiz =1-¢*

This means that the same force of mortality for non-integer years may be used as for the integer years.
In fact constant force of mortality implies also that the mortality is constant in non-integer years. Let

us denote the constant mortality by qfc . Its value depends on ¢, and may be found as follows:

-\12 .
H Dyymin2 :(1 1+l) _ 1+i _ D,

m=0 Dx+(m+1) /12 (1 _ C]; )12 l-g, Dyy

So, we obtain

12
1-q5)* =14,
This yields the following result:
Q)Cc =1- 1% 1- qx
So, it is possible to choose whether to use constant mortality or force of mortality.

6.2.4 Uniform distribution of deaths

The unified mortality means that the deaths are uniformly distributed. In the UDD model the [, -

numbers are interpolated as follows:

m m
Levmin2 :(1‘5)1)6 17 Lo

When dividing by /,., the following result is obtained:

bamima , m om Ly om | L | om
Admils T X o T A a g
i 12 12 i 12 i 12
X X X
From this we obtain
_m+l 1
lx+(m+l)/12 _ 12 x 12 x o 9x
m m — .
lx+m/12 I—E'qx I—E'qx 12=m 9x

which yields the result

14



qx

D+m/12 =
12-m-q,

However, this method does not preserve the discount factor. So, I shall define a modified UDD as such
u
qx

and preserves the discount
12-m-q%

a mortality ¢% that the mortality in month x+m is equal to

factor. Then we obtain the following equation:

11 u
m=0  12-m-q¥%

Here qz -number can be found by iteration (see about iteration e.g. Kreyszig, pp. 838 — 848).
6.2.5 Balducci assumption

The Balducci assumption (see Jones et al. [5], p. 261 — 276, Jones et al. [4], p. 363 — 370, Gerber [3] p.
21 — 22 and Forfar [2] p. 1007) assumes that the monthly mortality is determined by

I 12,12
!

! x+1

wemi12
Because of this it is sometimes called hyperbolic model.

In this case we obtain

=5)res i) w-bor et
Ly len (1 12j+lx 12_lx+l+E'lx_lx+1 L=V -1 +E-lx—lx+l

l l

lx+m/l2 X X X

m
lx—(l_lzj'(lx_lxﬂ) m
= =1-|1-—
( 12) qx

[
which is the Balducci assumption for one month.

X

From this we obtain

1_(1_m+1j' 1

Levminnz )" _1- 1 I 1 dx

l m m 12-(012-m)-q
+m/12 I={1-—1 I—={1——|- x
x+m ( 12) qdx ( 12] qx

which yields to the result

15



g _ qdx
x+m/12 12_(12_m)qx

This mortality does not, however, preserve the discount factor.

Let us now define modified Balducci assumption as such a mortality qu that the mortality in month
b
qx

x+m is equal to -
12—-(12-m)-q2

and preserves the discount factor. Then we obtain the following

equation:

11

myY p
mi-{1-—\ =1-
m:0|: ( 12] Qx:| qx

In this case q)lz -number can be found by iteration (see about iteration e.g. Kreyszig, pp. 838 — 848).

6.2.6 Continuous model

In the continuous model case the monthly mortalities may be calculated from the mortality function.
The same formulas as on annual level may be applied for the calculations at the end of an insurance
month.

In this case [, is defined by using continuous force of mortality:

X
—J.ﬂsds
l,=1y-e0

From this we obtain also a value for each month:
x+m/12
- J./‘sds

Leyminz =lo-e 0

In this case
x+m/12

- J./‘s ds

_ N —x+m/12
Dx+m/12 _lO -(I+10) -e 0

and the accumulation factor is
x+m/12

_ J‘,Ug‘dS x+(m+1)/12
- - ds
. N —x—m/12 0 1 jﬂs
Dyimpna  __ lo-(+9) e —(+i) 2.¢ xtm/12
D yimeyn2 x+H(m+1)/12
- J.ﬂsds
10 _(1_H-)—x—(m+l)/12 e 0

Thus we obtain the desired result:

16



x+(m+1)/12
- Ugds
1 1 ]
I Dx+m/12 =11 10 '(1+i)_1/12 e x+m/12
m=0 Dy (mi1y/12  m=0

11 x+(m+1)/12 x+1
- z J‘ﬂsdf - J‘ﬂsds
=10'(1+i)_12/12'e m=0 x+m/12 =10'(1+i)_1-e X — X
Dx+1
From this we may calculate the g, -numbers as in annual case.
x+(m+1)/12

i - jﬂsds

Gy = 1= D2 g xtm/12
lx+m/l2

6.2.7 Linear Dy-model

Let us assume that D, -numbers change linearly across non-integer years (see also the comment of
Jones and Mereu that I mentioned in chapter 6.2.2). This means that for all m =0,...,11

1 m+1 m+1 m+1
Dx+(m+1)/12 =Dx+m/12_12.(Dx_Dx+l)=Dx_12.(Dx_Dx+1)=[1_12j.Dx+12.Dx+1

_ 11—m+1—q)C m+l D,
12 1+i 12

On the one hand,

1%/ .
Dx+m/l2 _ 1+i

Deviminnz 1= Qemrn2

On the other hand,

(IZ—m 1-q, mJ
-+ = — .Dx ]
Dyimi12 _ 12 1+i 12 12-m)-d+i)+(1—-q,)-m

Divminma  (U=m  1-g, m+1) C(l=m)-(A+i)+(1—g,)-(m+1)
12 1+i 12 x

From this we obtain

(12-m)- (4D +(1=g) m
A—m)-(+i)+(—qy)-(m+1) Vi+i

Gxrmnz =1-

6.2.8 Linear discount factor model

Let us assume that the reserve of pure endowment changes linearly across non-integer years. This
means that the monthly change is equal to

17



and
D I TS 174, D, =12 L4 D
T i, 12-12- g, +m-(i+qy) 124m-i=(12=m)-q,
12 1-g,

Now forallm=0,...,11
1-gq,

Dywpa _ H+i _ 24mei—(12-m)-q, _124(m+Di=(1-m)-q,

Dyyminnz  1=qxemnz 5. l-q, D 124m-i—(12—m)-q,
2+ (m+1)-i—(12—=(m+1)-q,
From this equation we obtain the following result:

12

X

124m-i—(12-m)-q, 2N+
—1- AL+
9 x+m/12 12+ (m+1)-i—=(11-m)-q,
6.2.9 Summary

Above I have defined mortalities for several models. Traditional Balducci and UDD models are not
discount factor preserving, but the others are.

In picture 6.1 the mortalities for a man between 60 and 62 years using the Finnish force of mortality
M., =115-(0,00048 - 100055 (et h=045)-0.02-(xth=72)" ) (see Pesonen et al. [10] p. 47) and interest rate

3,5 % are shown. The scale is such that the deviations between constant force of mortality, modified
UDD and modified Balducci models are not easily seen in picture 6.1 but are clear in picture 6.2.

I have showed below the mortality curves instead of forces of mortality curves because the peak in the shift of
years and scaling would have caused that the differences of the models would have not been clearly visible.

0,0017
0,0016 -
0,0015
0,0014
0,0013
0,0012 ; —
60 61
Continuous model Linear discount factor model — — — - Linear Dx-model
Constant force of mortality —--—-UDD ——— Modified UDD
— — — - Balducci Modified Balducci

Picture 6.1. Monthly mortalities with different mortality assumptions (deviations between constant force of
mortality, UDD and modified Balducci models may not be seen from this picture, but from picture 6.2)

18

62



0,001340
0,001339 -
0,001338 -
0,001 337 T T T T T T T T T T
60 1 2 3 4 5 6 7 8 9 10 M
—-—-- Constant force of mortality - — - - Modified UDD —— Modified Balducci

Picture 6.2. Monthly mortalities with different mortality assumptions for constant force of mortality, modified
UDD and modified Balducci models

In conversion I propose to use one of the discount preserving models. In accordance with this it can be
seen from picture 6.1 that the models that give smallest and largest values, i.e. the not-modified UDD
and Balducci models, should not be used.

The Balducci model has been sometimes criticized because the mortality is decreasing (see Gerber [3]
p. 22 and Forfar [2] p. 1007). So also the linear discount factor model, as shown in picture 6.1. This is
for the reason that the shorter interest rate accumulation period is compensated for by lower mortality.

Also Jones and Mereu criticize the models: "In specifying the FAA for each age, we wish to achieve a
well-behaved force of mortality over all ages that is consistent with the life table being used." (See
Jones et al. [4], p. 363 — 370.)

However, as I mentioned, my point of view is the conversion. It should be considered what is cost-
effective and what the other goals are. When choosing the model we may take into account the
following factors:

1) What universal life models does the undertaking support currently? — If the other products support
e.g. UDD or Balducci model, then it is cost-effective to choose similar model also for the converted
products.

2) How large is the portfolio that should be converted? — For small portfolios it is not cost-effective to
create new customized mortality models.

3) What are the future plans related to the portfolio? — If the plan were to offer the possibility to
change the policy from non-flexible to flexible policy, then a model that best suits for the flexible
model would be preferred.

4) Should the universal file formulas match exactly the conventional formulas? — If e.g. the
conventional formulas have linear approximation during the year, then linear discount factor
preserving model should be chosen.

However, I admit that all models do not behave nicely if we look at them only from the mortality point

of view. However, mortality charge is only one small element in payment and reserve structures and
its importance should not be exaggerated.
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6.3 Mortality charges at non-integer ages
6.3.1 Risk premium preserving method

In previous chapter I described some mortality assumptions for discount factors. In this chapter I
consider what should be charged from the policyholder or, in other words, what should be charged
from the reserves. By charge in this chapter I mean risk premiums, loadings and other components
charged from the reserve.

If we charge reserves monthly using the monthly interest rate and mortalities defined above, this does
not preserve the reserves at the end of each insurance year.

The goal in this chapter is that the charge would be the same as in the policy with conventional
formulas in integer years. This goal is obvious if discount factor preserving method has been used. I
call this ''risk premium preserving method"'.

6.3.2 Different options

I consider later the following options:

1) annual charge at the end of each policy year

2) annual charge in the beginning of the insurance year
3) level premium

4) monthly charges resulting in linear reserve changes

If the charge depends on the reserve, then it should be considered what is the monthly sum insured. It
is also possible to let the sum insured change due to this reason monthly, but in some cases it is
reasonable not to let the sum insured change. One argument for this approach is that in the old policy
the sum insured does not change monthly.

The monthly D, - and N,-numbers that I denote by D,/ and N iﬁlk 112 (k=0,...,12) are not the

same as the annual D, - and N ,-numbers that I denote by D,,, and N,,, (see also chapter 4.3). Only
in case of discount factor preserving model D, =D, ., ,9/12- Otherwise one should limit the
calculations with D, - and N, -numbers to one insurance year and define D,,,,; =D, 412,12 (actually
there is one D, - and N ,-number series for each age year).

6.3.3 Annual charge at the end of an insurance year

The annual charge can always be charged at the end of each policy year as defined in the previous
chapters. This does not affect the reserve compared to the conventional methods.

However, in this case there is no charge for the ongoing insurance year in case of surrender. So, I do
not recommend this option.

When deriving the other charge formulas, this is a good starting point. Let us denote this charge as

PA .
x+t+1
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6.3.4 Annual charge in the beginning of an insurance year

The charge PAH can be discounted to the beginning of an insurance year. This option can be chosen
X

+1
if the argument is that the policyholder has committed to pay at least annual charges.

Let us denote this value by PA:t . In this case the value is
X

11
II (1-¢ )
D 11 D +t+(m+1) /12 _ x+t+m/12
pAt __Zxtrl  pA oy ZXHHOmD/12 54 m=0 . . pA
X+ Doo/12 x+t+l =0 D iiimin2 x+t+1 1+1 x+t+1

If the discount factor preserving model has been used, then we may use the annual mortalities:

pAt _ Dyirn .pA _ Dy .pA =g,y .pA

x+ xH+H D, x++l T+ x++

Dyiivon2

If the calculation period before the insurance year is not 12 but k (k=1,2,....,11) months, then use the
following formula:

11
I (1-¢ )

pAt __Duvent pa lri Dosrs(menyn2 A _m=l2ok J.C+t+m/12 i

Xt Dygna MU m=12-k Dy XL 1+i X+l
At the end of the policy period the formula is

k-1
- IT (I1-¢ )

pA+ _ Dyiivkrn2 pA _ knl Dtivimenin2 pA  _m=0 rHm/127

Xt Diyyonia ML m=0 Dy X 1+i x+t+l
6.3.5 Level premium

In this case the premium is charged as a level premium during the year. The monthly level premium
P

 +m/12 forany m=0,...,11 is found by dividing the annual charge P;‘H by the annuity.

P Dx+t+0/12 _pA

whEmI2 a2 a2 x++
x+t+0/12 x+t+12/12

In case of discount factor preserving model this is equal to the following:
D

X+t pA

(12) x+t+1
N x+t+12/12

Peyivminn = (12)

x+14+0/12

Change of sum insured during the year changes also the monthly charge. The new payment is equal to

D

X+t

Px+t+(m+l)/12 =Peiominn t+ 2)

X+t+(m+1) /12

(S -5
N(12) ( x+t+1 X+t
x+t+12/12
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Of course, in the similar way as in annual calculations, instead of commutation numbers, summation
can be used as follows:

(12) 12) 11 n
Nesreminza =N vsri2/12 E +i— "’“,I I v
D, = sl o

The same formula can be applied for any k month period (k=1,2,...,11) before the end of an insurance
year. For a k month period (k=1,2,...,11 and m<k) after the end of an insurance year use the following
formula:

12) 12) k m

Nesreminz =N vervina :Z (1 1+l~_1)’"+1_| I o
D -

X+t j:’n n=1 1 qx+t+n/12

6.3.6 Monthly charge resulting in linear reserve changes

If the linear discount factor preserving model has been used, then it is natural to require also that the
reserves change linearly during the insurance year.

Let us consider only the charge part of the reserve. The goal is to find for m = 0,...,11 a charge

P.1+m/12 such that the monthly change of reserve is equal to AV .

1 54
So, the charge at the end of the first month is P, ;1 =AV = - P)H_H_1 .

Each month the reserve of the previous month equal to (m—1)-AV is corrected by interest rate and
compensation. Thus, each month the following equation is valid:

D _ D _
Pevrim/1n ZAV—{M—IJ-(I%—I)'AV :[1_(M_1J.(m_1)].AV

Dx+t+m/12 x+t+m/12

1%1+i A

D _
:(m_w.(m_l)].w B ETR |

Diiivmnz l_qx+t+m/12 12 x+t+l
Especially for mortality the following is valid:
P _ Dxrt+m/12 =4y iemno H1+i 1 pA
X+i4m/12 = ' me =D P
“Drirmi2 Axremin2 129, iemin2
9 xt+m/12 1 [( ) 12 . ] A
. W= ppimin )~ \/1+l'(m—1)-Px+tJrl
=G irimnz 129 emnn

This means that we may use the same monthly mortality functions if we multiply the sum insured

1 a4

12 " xetl by:
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;' [(1_qx+z+m/l2)' m _lg/m ’ (m—l)]

Dyvt+mi12

In table 6.1 there is an example based on the linear discount factor preserving model example
presented in chapter 6.2.8. Premium (without loading) is 9000, risk premium related loading is

premium multiplied by (+/14+i —1) and sum insured 50000. As a result the reserve decreases by 29,86

each month. The mortality premium decrease is between 0,27 and 0,30. Total risk charge for the year
is 824,29 and the premium of the first month 824,29/12 = 68,69. During the first year the risk premium
decreases month by month, but later as the initial reserve is greater also the monthly premium
increases.

month premium risk| compensation interest reserve
premium
1 9000,00 -68,69 12,95 25,88 8970,14
2 0,00 -68,40 12,74 25,79 8940,28
3 0,00 -68,10 12,54 25,70 8910,41
4 0,00 -67,81 12,33 25,62 8880,55
5 0,00 -67,53 12,13 25,53 8850,69
6 0,00 -67,24 11,93 25,44 8820,83
7 0,00 -66,96 11,74 25,36 8790,97
8 0,00 -66,68 11,54 25,27 8761,10
9 0,00 -66,40 11,35 25,18 8731,24
10 0,00 -66,12 11,16 25,10 8701,38
11 0,00 -65,85 10,98 25,01 8671,52
12 0,00 -65,58 10,79 24,93 8641,65

Table 6.1. Monthly reserve change components in case the reserve changes linearly during the year

For k month period (k=1,...,11) the annual P4 s calibrated to 12 ) 2
x+1 k x+l
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7 SUMMARY

In this paper I have shown several methods for converting traditional life insurance policies into
universal life policies.

This paper concentrated on the problem of finding precisely-fitting conversion formulas.

In some cases it is wise to consider the possibility of changing the technical bases of the product in
order to get policies that can be managed in an easier manner. When designing these simpler
approximation models understanding these exact models is vital.

In this paper I have not covered loadings. Conversion of loadings charged from premiums paid several
times a year is rather complex. However, mostly the conversion is very easy.

I have sometimes expressed my belief that a good actuary understands how the products behave but
takes reasonable steps to simplify the model in order to get cost-effective systems. I encourage such
simplifications.

Hans U. Gerber writes about commutation numbers: "It may be ... taken for granted that the days of
the glory for the commutation numbers now belong to the past". His argument for this is the "advent of
powerful computers” and "growing acceptance of models based on probability theory, which allows a
more complete understanding of the essentials of the insurance". (See Gerber [3], p. 119.)

This is for the most part true. I still might see where in some cases use of conventional tools may be
reasonable. For example, during the pension period the flexibility given by the universal life methods
is not always needed. This is especially the case in statutory pension schemes. However, it is also the
case that nowadays, during the pension period the investment risk is more and more often transferred
to the policyholder by allowing unit-linked pensions.

This paper has provided tools for converting existing conventional products into universal life
products. If general actuarial principles are not followed, then the solution may be found.

In this paper I have also derived new tools to manage conversions. I have derived new concepts such
as "discount factor preserving method" and "risk premium preserving method".

24



References

[1] Bowers, Newton L. Jr — Gerber, Hans U. — Hickman, James C. — Donald A. — Newbitt, Cecil J. (1997)
Actuarial mathematics, 2 ed , The Society of Actuaries

[2] Forfar, David O. (2004) Life Table, Encyclopedia of Actuarial Science, vol 2, John Wiley & Sons Ltd, 1005
— 1009

[3] Gerber, Hans U. (1995) Life Insurance Mathematics with exercises contributed by Samuel H. Cox, 2 ed.,
Springer

[4] Jones, Bruce L. — Mereu, John A (2002) A critique of fractional age assumptions, Insurance: Mathematics
and Economics (30), 363 — 370

[5] Jones, Bruce L. — Mereu, John A (2000) A family of fractional age assumptions, Insurance: Mathematics and
Economics (27), 261 — 265

[6] Koller, Michael (2000) Stochastische Modelle in der Lebensversicherung, Springer
[7] Kreuszig, Erwin (1999) Advanced engineering mathematics, 8 ed., John Wiley E& Sons
[8] Neill, Alistair (1986) Life Contingencies, The Institute of Actuaries and the Faculty of Actuaries in Scotland

[9] Niittuinperi, Jari (2007) Conversion from conventional life insurance policies into universal life policies, The
Actuarial Society of Finland, Working Papers

[10] Pesonen, Martti — Soininen, Pentti — Tuominen, Tapani (1999) Henkivakuutusmatematiikka, Yliopistopaino
Oy

[11] Schmidt, Klaus D. (2005) Versicherungsmathematik, Springer

[12] Wolthuis, Henk (2004) International Actuarial Notation, Encyclopedia of Actuarial Science, vol 3, John
Wiley & Sons Ltd, pp. 927 - 931

25



